We investigate elastic wave propagation in finitely deformed dielectric elastomers in the presence of an electrostatic field. To analyze the propagation of both longitudinal (P-) and transverse (S-) waves, we utilize compressible material models. We derive explicit expressions of the generalized acoustic tensor and phase velocities of elastic waves for the ideal and enriched dielectric elastomer models. We analyze the slowness curves of the elastic wave propagation, and find the P-S-mode disentangling phenomenon. In particular, P-and Swaves are separated by the application of an electric field. The divergence angle between P-and S-waves strongly depends on the applied electrostatic excitation. The influence of the electric field is sensitive to material models. Thus, for ideal dielectric model the in-plane shear velocity increases with an increase in electric field, while for the enriched model the velocity may decreases depending on material constants. Similarly, the divergence angle gradually increases with an increase in electric field, while for the enriched model, the angle may be bounded. Material compressibility affects the P-wave velocity, and, for relatively compressible materials, the slowness curves evolve from circular to elliptical shapes manifesting in an increase of the reflection angle of P-waves. As a results, the divergence angle decreases with an increase in material compressibility.
Introduction
Dielectric elastomers (DEs) are soft responsive materials that can change their form and shape when subjected to electric stimuli [29, 3] . DEs have attracted considerable attention due to a large variety of possible applications ranging from artificial muscles and soft robotics to energy conversion and noise cancelling devises [28, 4, 6, 33, 21, 31, 25] . Figure 1 schematically illustrates a typical set-up of a planar DE actuator with deformation induced by applied voltage [49, 50, 16] . The DE layer coated with compliant electrodes contracts due to electrostatic attraction between oppositely charged electrodes. The theoretical framework of the non-linear electroelasticity is based on the theory first developed by Toupin [46, 47] , which was recently revisited by Dorfmann and Ogden [9, 10] and Suo [44, 43] . This followed by a series of works on modeling DEs [45, 48, 18, 20, 8, 19, 24, 1] , to name a few recent contributions. The electromechanical coupling in typical DEs is rather weak, and, therefore, DEs need to operate at the edge of instabilities and breakthrough voltages to achieve meaningful actuation [51, 30, 52, 53, 36, 34, 32, 14, 41] . Potentially, the need in the high voltage can be reduced through architectured microstructures of DEs and increasing the electromechanical coupling [17, 37, 5, 13] , another promising approach is synthesis of new soft dielectric materials [23] .
The effective electromechanical properties of DEs can be actively controlled by external electric stimuli. This opens an opportunity to manipulate wave propagation in DEs by applying electric field. In this work we focus on elastic wave propagation in finitely deformed DEs in the presence of an electric field. It is known that elastic wave propagation in purely elastic materials depends on the media mechanical properties and on the deformation [35, 12, 11] . In DEs the material moduli are modified by external electric field and induced deformations. To explore the elastic wave propagation in DEs, we follow the widely used approach of the analysis of small-amplitude motions superimposed on the finite deformations [27] induced by an external field [10] . To allow consideration of longitudinal wave propagation (as opposite to the recent works [15, 40, 7] ), we utilize compressible electroactive material models, namely the ideal [51] and enriched DE models. By application of wave propagation analysis to the compressible DE models, we derive explicit expressions of generalized acoustic tensor and phase velocities for both longitudinal (P-) and transverse (S-) waves. We find that electrostatically induced changes in the important characteristics of shear and pressure waves lead to the disentangling phenomenon, where P-and S-waves travel in different directions. A schematic illustration of the P-and S-wave splitting phenomenon is shown in Fig. 2 . The divergence angle strongly depends on the external field, induced deformation, and material compressibility. P-and S-waves possess diverse properties and, thus, can be used for different purposes. For example, S-wave serves as a virtual "finger" to probe the elasticity of the internal regions of the body in the shear wave elasticity imaging [39] . Longitudinal and transversal elastic waves can be separated D Incident wave S-wave P-wave Figure 2 : Schematics of the splitting of P-and S-elastic waves in a nearly incompressible neoHookean DE. P-wave does not refract from the initial direction of propagation, while S-wave refracts for a certain angle.
on interfaces between dissimilar materials; however, in this case loss of energy or/and wave-mode conversion is encountered on the interface [2] . On this account we can use the phenomenon to split P-and S-elastic waves in dielectric elastomers by application of a bias electric field. This feature can be used, for example, in small-scale micro-electromechanical systems, where it is convenient to use electric field to control the performance.
Analysis
To analyse the finitely deformed state, we introduce the deformation gradient F( X, t) = ∇ X ⊗ x( X, t), where X and x are position vectors in the reference and current configurations, respectively. In order to model a non-linear electroelastic material behaviour, we consider an energy function ψ(F, D 0 ) that is a function of the deformation gradient F and electric displacement vector D 0 represented in the reference configuration. The corresponding electric displacement in the current configuration is given by D = J −1 F · D 0 , where J = det F. Thus, the first Piola-Kirchhoff stress tensor and electric field in the reference configuration are given by
corresponding counterparts in the current configuration are
Next, we consider the small-amplitude motions superimposed on finite deformations. Incremental forms of the constitutive equations (1) are
where δ denotes an increment change in a value on the right side; C 0 , M 0 and K 0 are the so-called tensors of electroelastic moduli [10] defined as
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Recall that C 0 = C (3412) 0
, where superscript (3412) denotes an isomer of the fourth-rank tensor [38, 26, 12] as detailed in Appendix A.
The incremental constitutive equations (3) in the frame of the updated reference configuration are
where
and
The linearised equation of motion and Maxwell's equations in Eulerian form are
where u is incremental displacement and ρ is material density. We seek for a solution of equations (7) in the form of plane waves with constant polarization
where f is a twice continuously differentiable function and g is a continuously differentiable function; unit vectors m and d are polarization vectors of mechanical and electrical displacement, respectively; the unit vector n defines the direction of propagation of the wave, and c is phase velocity of the wave. By substitution (5) and (8) into (7), we obtain
where A is the so-called "generalized" acoustic tensor which defines the condition of propagation of plane elastic waves in non-linear electroelastic materials. Moreover, for electroelastic materials with an arbitrary strain energy function ψ(F, D 0 ) it has the following form [42] 
is the projection on the plane normal to n,K =Î · K ·Î and
It is worth mentioning that the generalized acoustic tensor A is symmetric as well as the purely elastic "classic" acoustic tensor Q. Recall that for DE to be stable, generalized acoustic tensor A has to be positively defined [42] . Detailed descriptions of the non-linear electroelastic theory for DEs can be found in works of Dorfmann and Ogden [9, 10] , and Suo [44, 43] . It is well known that incompressible materials do not support longitudinal waves. Therefore, to analyse both transversal and longitudinal waves, we consider the energy function ψ(F, D 0 ) for the compressible electroelastic material in the following form:
where ψ elas (F) is the purely elastic energy function (for example, neo-Hookean, Mooney-Rivlin, Gent, etc. [27] ), is the material permittivity in the undeformed state (F = I) and γ i are dimensionless parameters, moreover γ 0 + γ 1 + γ 2 = 1, and
are invariants depending on the electric displacement D 0 and right CauchyGreen tensor C = F T · F. For energy function (13) the relation between the electric displacement and electric field is
where B = F · F T is the left Cauchy-Green tensor. The corresponding tensors of electroelastic moduli are
where C elas is derived from the purely elastic part ψ elas (F) of the energy function in accordance to (4) and (6); and the explicit relations for the other tensors are given in the Appendix B. Finally, the corresponding generalized acoustic tensor takes the following form
where Q elas is calculated by applying of Eq. (4), (6) and (12) to the purely elastic part ψ elas (F) of the energy function; the explicit expressions for η, and tensors Q 4e , Q 5e , Q 6e and A e are given in the Appendix B. Remarkably, in the particular case of F = λ 1 e 1 ⊗ e 1 + λ 2 e 2 ⊗ e 2 + λ 3 e 3 ⊗ e 3 , n = e 1 and D 0 = D 2 e 2 generalized acoustic tensor (17) reduces to
where ( e 1 , e 2 , e 3 ) is the orthonormal basis. Let us consider how the application of an electric field affects the P-and S-wave propagation. Important characteristics of elastic waves can be deduced from consideration of slowness curves. Figure 3 schematically shows slowness curves for P-and S-waves for a nearly incompressible DE subjected to a voltage. Note that P-wave does not change its direction, while the S-wave refracts from initial direction. Thus, the P-and S-waves will be split when propagate in such media. It is easy to show that normal to slowness curves has the slope 
where ϕ is incident angle and s p,s = 1/c p,s . Consequently, divergence angle between P-and S-wave can be calculated as ∆θ = θ p − θ s .
Results

Ideal dielectric elastomer model
First, we consider an ideal dielectric elastomer model [51] , namely γ 0 = γ 2 = 0 and γ 1 = 1 in (13) . For an elastic part of the energy function (13), here and thereafter, we utilize a model of a compressible neo-Hookean material [27] 
where I 1 = tr C is the first invariant of the right Cauchy-Green tensor, µ is the shear modulus and K is the bulk modulus.
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For the ideal DE generalized acoustic tensor takes the form
where n ⊗ n is the projection on the direction n andÎ is given in (11),
and a *
Consequently, there always exist one pressure and two shear waves for any direction of propagation n, finite deformation F and electric displacement D.
Phase velocities of these waves can be calculated as
where ρ 0 is the initial density of the material. Remarkably, while the electroelastic moduli (16) explicitly depend on electric field, phase velocities of elastic waves do not explicitly depend on the electric field. The dependence of the velocities on electric field is introduced through the electrostatically induced deformation. Specifically, dielectric elastomer coated with flexible electrodes contracts if a voltage is applied (see Fig. 1 ). Here we consider a case when electric field is orthogonal to the DE layer, i.e. D 0 = D √ µ e 2 , and DE layer can freely expands in plane e 1 − e 3 ( Fig. 1) . Thus, deformation gradient can be expressed as
For an incompressible ideal DE [51] 
It should be noted that these relations approximately hold even for very compressible materials with K/µ ∼ 1 for a range of deformations and electric fields considered here. Recall that neo-Hookean DE is stable for D √ 3 [51] and it will thin down without limit with further increase in electric field. Note that in the absence of an electric field, relations (24) reduce to c p = (K + 4µ/3)/ρ 0 and c s = µ/ρ 0 .
For the nearly incompressible DE, phase velocities of P-and S-waves can be calculated as
where the propagation direction is defined as n = (cosϕ, sinϕ, 0). Hence, refraction angles of P-and S-waves are
Remarkably, relations (26), (27) , (28) and (29) approximately hold even for very compressible materials with K/µ ∼ 1 for a range of deformations and electric fields considered here. Figure 4 (a) shows that divergence angle ∆θ significantly depends on the value of electric field. In particular, divergence angle monotonically increases with electric field until the limiting value of electric field is achieved (D = √ 3). Fig. 4(b) shows the dependence of the divergence angle ∆θ on the incident angle ϕ. Clearly, the divergence angle ∆θ has a maximum for a certain incident angle ϕ 0 depending on the applied electric field. The incident angle ϕ 0 corresponding to the maximal divergence angle is given by
where α = 1 + D 2 , α 1 = α 2/3 (3K + µ) and ζ = 9Kα 2 µ 2 + 3K (K + µ) . The angle ϕ 0 monotonically increases with increase in electric field. It is worth mentioning that for µ/K 1, ϕ 0 = arccos 2 + D 2 −1/2 . Next we consider the influence of material compressibility on the elastic wave propagation in DEs. It was recently shown for purely mechanical materials that for highly compressible material phase velocity of longitudinal wave significantly depends on the direction of wave propagation and applied deformation [12] . Here, we also observe a strong dependence of P-wave velocity on the direction of wave propagation and deformation induced by an electric field. The more the material compressibility parameter µ/K, the more the influence of electrostatically induced deformation on the elastic waves. In particular, slowness curves of P-wave evolve from circle to an ellipse shape with an increase in electric field. Thus, refraction angle of P-wave differs from the incident angle, namely P-wave refracts along with S-wave. The schematics of the phenomena is illustrated in Fig. 5 . It is clear that an increase in compressibility of the DE weakens the disentangling phenomenon. The dependence of the divergence angles as a function of compressibility for different values of applied electric field is presented in Fig. 6. 
Enriched electroactive material model
Motivated by experimental data [50, 22] , in this section we investigate elastic wave propagation in DEs described by an enriched electroactive material model (13) . The model is similar to that considered by Gei et al [14] . To allow investigation of pressure waves, we extended the model to capture the compressibility effects. Table 1 summarizes the parameters of the material model (13) for different experimental data [50, 22] . In case when γ 0 = 0, γ 2 = 0, deformation gradient is identical to (25) , and n = e 1 , phase velocities takes the following form
and c
For incompressible materialsλ = λ −1/2 , and λ can be determined from the a solution of the following polynomial equation
Hence, phase velocity of the shear wave with polarization g 2 = e 2 (in-plane shear wave) explicitly depends on the electric field in contrast to the ideal DE. Figure 7 shows the phase velocity of the in-plane shear wave as a function of the non-dimensional electric field for the ideal DE and enriched DE models.
One can see that consideration of the I 4e and I 6e invariants strongly affects the in-plane shear wave velocity. In particular, the increase in phase velocity of the in-plane shear wave is less prominent (dashed blue curve in Fig. 7 ) as compared to the ideal DE model result; moreover, the velocity may decrease with an increase in electric field for the particular material (dot-dashed green curve), while for the ideal DE model the velocity always increases. These differences indeed affects the splitting mechanism and, thus, different results are produced [50] 0.00104 1.14904 −0.15008 Li et al [22] 0.00458 1.3298 −0.33438 by these material models. Figure 8 illustrates the difference in the divergence angels for the ideal DE and enriched DE models. In particular, Fig. 8(a) shows that divergence angle ∆θ is smaller indeed than it was predicted by model of the ideal DE. Moreover, for Li et al. experimental data, divergence angle ∆θ decreases with an increase in electric field when certain level of voltage is achieved. Fig. 8(b) shows that divergence angle ∆θ has a maximum for a certain incident angle ϕ 1 . Moreover, the incident angle ϕ 1 , producing the maximum divergence angle, varies for different materials. Although in this work we perform the fully electromechanical coupling analysis, it is possible to consider only purely mechanical analysis of wave propagation in non-linear electroelastic solid. Thus, contribution of the electroelastic moduli tensors M and K is neglected, and only terms of the tensor C contribute to the generalized acoustic tensor Remarkably, this approximation yields a very close results for the phase velocity of pressure wave, and exactly the same relations for the phase velocities of the shear waves. For example, for the deformation gradient (25) , n = e 1 and D 0 = D √ µ e 2 classic acoustic tensor takes the form
It is easy to see that the resulting expressions for phase velocities of S-waves are the same as expressions (32) and (33), and expression for the phase velocity of P-wave has the form
Expression (36) for P-wave velocity differs from (31) in the additional term containing electric displacement magnitude. However, according to our observations for K/µ 100, this term can be neglected for small and moderate levels of electric displacement. 
Concluding remarks
In this paper, we considered P-and S-elastic waves in soft DEs subjected to an electric field. To allow consideration of P-wave propagation, we utilized the ideal and enriched material models containing compressibility effects. Explicit relations of the generalized acoustic tensor and phase velocities of elastic waves for the DE subjected to an electric field were presented. We found that, for the ideal DE elastic wave propagation is explicitly independent of the applied electric field, and it is influenced through deformation induced via bias electric field; this is despite the fact that all electroelastic moduli tensors explicitly depend on the applied electric field. However, for the enriched material model, including all three electroelastic invariants I 4e , I 5e and I 6e , elastic wave propagation explicitly depends on the applied electric field; namely, phase velocity of in-plane shear wave decreases when electric field is applied.
These findings were applied to explore the phenomenon of disentangling of Pand S-elastic waves in DEs by an electric field. We showed that divergence angle between P-and S-wave strongly depends on the value of the applied electric field and direction of wave propagation. Moreover, we found that an increase in the material compressibility weakens separation of P-and S-waves. This is due to the fact that P-wave also refracts along with the S-wave from the initial direction of wave propagation, while for nearly incompressible materials the change in its direction is negligible. The phenomenon can be used to manipulate elastic waves by a bias electrostatic field; this can be beneficial for an application at the small length-scale devices, such as micro-electromechanical systems, where electric field is a preferred control parameter. Notation of a tensor isomer
Here we follow the notation of an isomer firstly introduced by Ryzhak [38, 26] . Let S be a third-rank tensor with the following representation as the sum of a certain number of triads:
Let (ijk) be some permutation of the numbers (123). Then the isomer S (ijk) is defined to be the third-rank tensor determined by the relation
Analogously, we can define isomers for higher-rank tensors.
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Appendix B.
Components of the electroelastic moduli and generalized acoustic tensors
Here we introduce the following notations
where L is an arbitrary second-rank tensor; a and b are arbitrary vectors.
(B.3)
(B.4)
DD + 2γ 0 γ 1 γ 2 βB
DD − 3B 
